SUBALGEBRAS OF FINITE CODIMENSION IN THE ALGEBRA OF ANALYTIC FUNCTIONS ON A RIEMANN SURFACE

BRUCE LUND
Let R be a finite open Riemann surface with boundary Γ. We set R = R U Γ and let A(R) denote the algebra of functions which are continuous on R and analytic on R. Suppose A is a uniform algebra contained in A(R). The main result of this paper shows that if A contains a function F which is analytic in a neighborhood of R and which maps R in a n-toone manner (counting multiplicity) onto {z: | z | ^ 1}, then A has finite codimension in A(R).
We say that A is a uniform algebra on R if A is a uniformly closed subalgebra of the complex-valued continuous functions on R which separates points of R and contains the constant functions. If A is contained in A(R), then we say A has finite codimension in A(R) if A(R)/A is a finite dimensional vector space over C. A reference for uniform algebras is Gamelin [2] .
Let U be the open unit disk in C. We call F an unimodular function if F is analytic in a neighborhood of R and maps R onto U so that F is π-to-one if we count the multiplicity of F where dF vanishes. If T is the unit circle, then F maps Γ onto T. The existence of such a function was first proved by Ahlfors [1] . Later, Royden [4] gave another proof of this result. 1* Main results* Let A be a uniform algebra on R which is contained in A(R). lί J = {/ e A(R):fA(R) ci}, then J is a closed ideal in A(R) and J is contained in A.
LEMMA. Let Fe A be an unimodular function of order n. If d e R is such that F~ι(F(ζ^) consists of n distinct points, then there is GeJ such that
Proof. Since A separates points on R, there is g e A such that g separates JF
, sj (perhaps with repetitions) and let /e A(R). 
5, we conclude that A(R)/J is finite dimensional. Hence, A has finite codimension in A(R).
Let R = {z e C: 1 < | z | < 2}. Again let J = {/ e A(R): fA(R) c A} where A is a uniform algebra on R. Using the same technique we prove the proposition below.
PROPOSITION. Let A be a uniform algebra on R which is contained in A(R). If A contains z n and z~m for some positive integers n and m, then A = A{R).
Proof. Let N be the least common multiple of n and m. Then z N and z~N e A. Also, z N is an ΛΓ-to-one map of R onto R without branch points. For any ζ x e R there are N distinct points {ζ 19 ζ 2 , , ζ^} which satisfy ζf -ζf. Fix ζ x e R and let g e A separate {ζ u ζ 2 , , ζ N }.
Let fe A(R).
Letting z N take the role of F and using g and /, we form Q(u) just as in the proof of the lemma. The coefficients a 3 (w) of Q(u) belong to A(R). Hence there are polynomials in w and w~ι which converge uniformly to a,j(w) on R. Since z N and z~N belong to A, it follows that a,j(z N ) is in A.
Consequently, Q(g(z)) = f(z) UU {g(z) -g{z t )} e A for all fe A(R).
Let G(z) = Πf= 2 {g(z) ~ 9(Zi)} Then GeJ and G(Q Φ 0. Therefore, hull J = φ. This implies A = A(R). The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Underline Greek letters in red, German in green, and script in blue. The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. Items of the bibliography should not be cited there unless absolutely necessary, in which case they must be identified by author and Journal, rather than by item number. Manuscripts, in duplicate if possible, may be sent to any one of the four editors. Please classify according to the scheme of Math. Rev. Index to Vol. 39. All other communications to the editors should be addressed to the managing editor, or Elaine Barth, University of California, Los Angeles, California, 90024.
